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ABSTRACT
Whereas the use of compliant mechanisms is favorable for
high precision applications, the constraints must be dealt with
carefully. In an overconstrained design the actual natural fre-
quencies and stiffnesses can differ considerably from their in-
tended values. For this reason the awareness and possibly the
avoidance of an overconstrained condition is important.
We have developed a kinematic analysis with which under-
constraints and overconstraints can be detected. A finite element
based multibody approach is applied which offers a flexible beam
element that is particularly suited to model the wire and sheet
flexures frequently encountered in compliant mechanisms. For
each element a fixed number of independent discrete deforma-
tions are defined that are invariant under arbitrary rigid body
motions of the element. In the kinematic analysis only deforma-
tions associated with low stiffnesses are allowed, whereas the
remaining deformations are prescribed zero. A singular value
decomposition is used to determine the rank of the Jacobian ma-
trix associated with the dependent nodal coordinates. Column
and row rank deficiency indicate an underconstrained and over-
constrained system, respectively.
For an overconstrained system a statically indeterminate
stress distribution can be derived from the left singular matrix.
In this way the overconstraints can be visualized clearly as is
illustrated with examples of compliant straight guidance mech-
anisms. The possible solutions to eliminate the overconstraints
are found easily from the visualization.
∗Address all correspondence to this author.
INTRODUCTION
Compliant mechanisms are mechanisms in which the mo-
bility is realized from the deflection of flexible elements rather
than from kinematic joints. These elastic joints allow motion
with almost zero friction and no backlash which is favorable for
application in precision equipment. To obtain a predictable, de-
terministic behavior, the principle of exact constraint design [1,2]
should be taken into consideration. In an overconstrained system
even rather small misalignments may cause unwanted changes in
natural frequencies and stiffnesses [3].
Recognizing and repairing an underconstrained or overcon-
strained condition in a complicated system is not a trivial task.
For this purpose the designer can rely on his or her intuition
or apply design rules as outlined in e.g. Blanding [1] and Soe-
mers [2]. The design can be checked with mathematical methods
such as Gru¨bler’s mobility criterion for mechanisms [4], which is
discussed e.g. by Bottema [5]. Several authors provide a math-
ematical framework which is usually valid for a specific class
of systems. Besseling [6] exploited the linear algebra theory of
vector subspaces and matrices for the presentation of the clas-
sical linear theory of structures and proposed a framework for
the assessment of kinematical and statical indeterminacy. Pel-
legrino and Calladine [7] study a “kinematic matrix” that relates
small displacements of joints and elongations of connecting bars,
and its transpose which is the “equilibrium matrix” relating the
loads in the joints and the tension in the bars. Considering the
null spaces of these matrices, they determine kinematically and
statically indeterminate modes of pin-jointed assemblies. Simi-
1 Copyright c© 2011 by ASME
larly, Angeles and Gosselin [8] consider mechanisms with open
and closed loop kinematic chains coupled by either revolute or
prismatic pairs. The number of degrees of freedom of the chain
is computed from the null space of a suitably defined Jacobian
matrix.
Applying these analyses to compliant systems with elastic
joints is not always straightforward. In [9, 10] we proposed a
flexible multibody modeling approach which is implemented in
the SPACAR software package [11]. This flexible multibody ap-
proach is based on a non-linear finite element method. Typical
flexible members of compliant mechanisms are wire and sheets
flexures. These flexures may be considered as one-dimensional
structures which can be correctly modeled by beams. Due to the
definition of physically meaningful deformation modes and the
sound inclusion of the non-linear geometrical effects at the ele-
ment level [12], only a rather small number of elastic beam ele-
ments are needed to model typical elastic components accurately.
In the kinematic analysis the nodal coordinates and deforma-
tion mode coordinates are explicitly classified into constrained,
dependent and independent coordinates and deformations. The
stiffnesses of the flexures are such that they allow motion in
directions with low stiffness whereas the motion is constrained
in directions with a relatively large stiffness. For the kinematic
analysis this is taken into account by considering the deformation
modes with a high stiffness to be rigid, i.e. having constrained de-
formation mode coordinates. The deformation modes with low
stiffnesses are allowed to deform, so the associated deformation
mode coordinates are dependent or independent. Then it appears
that in order to satisfy exact constraint design, the Jacobian ma-
trix associated with the dependent coordinates must be square
and full rank: otherwise the system is underconstrained or over-
constrained.
The next two sections start with a summary of our modeling
and analysis approach of overconstrained and underconstrained
systems as has been presented earlier [9,10]. Next, the visualiza-
tion of the overconstrained modes in the system is discussed in
more detail. A statically indeterminate stress distribution is com-
puted from the kinematic analysis and provides insight in the
cause of the overconstrained mode. This procedure is applied
to examples of a three-dimensional compliant straight guidance
mechanisms. Finally, the conclusions are summarized.
FINITE ELEMENT MODELING
In this paper compliant mechanisms are modeled with a flex-
ible multibody system approach. The formulation is based on
a non-linear finite element approach. In this finite element ap-
proach the multibody system is modeled as an assembly of rigid
body structures interconnected through a variety of connections
such as flexible hinges and beams. The location of each element
k is described relative to a fixed inertial coordinate system by a
set of nodal coordinates x(k), valid for large displacements and
rotations. Translational and rotational coordinates are used to
describe the positions of the end nodes and the orientation of or-
thogonal base vectors or triads, rigidly attached to the element
nodes.
Essential is the definition of physically meaningful deforma-
tion modes of the element. The deformation modes are specified
by a vector of discrete deformations ε (k) that are invariant for
rigid body motions of the element [13]. The number of deforma-
tions is equal to the number of nodal coordinates minus the num-
ber of degrees of freedom of the element as a rigid body. The
deformations are explicitly described as non-linear deformation
functions of the nodal coordinates x(k), i.e.
ε (k) =D (k)(x(k)). (1)
Here, D (k) are the element deformation functions.
Spatial Beam Element
The spatial beam element is well-suited to model the wire
and sheet flexures that are often used in compliant mechanisms.
The location of this element is described by the positions of the
end nodes p and q, as well as their orientations. Then there are
twelve independent nodal coordinates and six rigid body degrees
of freedom, so that six independent deformation modes can be
defined. For the spatial flexible beam one deformation mode ε1
is taken to describe the elongation, ε2 for torsion and four modes
ε3–6 for the bending deformations of the element. For readability
the superscripts (k) indicating the element number are omitted.
Expressions for these deformation modes are [3, 12]:
ε1 = ¯ε1 +(2¯ε23 + ¯ε3 ¯ε4 + 2¯ε24 + 2¯ε25 + ¯ε5 ¯ε6 + 2¯ε26)/(30l0)
+ct ¯ε22/(2l30), (elongation)
ε2 = ¯ε2 +(− ¯ε3 ¯ε6 + ¯ε4 ¯ε5)/l0, (torsion)
ε3 = ¯ε3 + ¯ε2(¯ε5 + ¯ε6)/(6l0),
ε4 = ¯ε4− ¯ε2(¯ε5 + ¯ε6)/(6l0), (bending in xz-plane)
ε5 = ¯ε5− ¯ε2(¯ε3 + ¯ε4)/(6l0),
ε6 = ¯ε6 + ¯ε2(¯ε3 + ¯ε4)/(6l0), (bending in xy-plane)
(2)
with
¯ε1 = l− l0,
¯ε2 = l0(e pz ·eqy −epy ·eqz )/2,
¯ε3 =−l0el ·epz ,
¯ε4 = l0el ·eqz ,
¯ε5 = l0el ·e py ,
¯ε6 =−l0el ·eqy ,
(3)
where l = ||xq − x p|| is the distance between the nodal points
x p and xq, l0 is the reference length of the element and el =
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FIGURE 1. Deformations ε2-ε6 of the spatial beam element
(reprinted from [14]).
(xq − xp)/l is the unit vector directed from node p to node q.
The term with the torsional constant ct accounts for torsion-
elongation coupling [3]. Figure 1 illustrates five of these defor-
mation modes and most of the unit vectors in the expressions.
The elements account for geometrically non-linear effects due to
interaction between deformation modes. Consequently, the ex-
pression for the beam elongation ε1 includes terms to take into
account the additional elongation of the beam axis caused by tor-
sion and bending. The additional terms in ε2 measure extra tor-
sion of the beam caused by its bending. Furthermore, the addi-
tional terms in the expressions for the bending deformations ac-
count for the effect of asymmetrical bending caused by a twist of
the beam. Consequently, accurate models can be obtained with a
relatively small number of elements even for the case when large
deflections are considered [3, 12].
A single beam element as visualized in Figure 1 is well
suited to model a sheet flexure, which is relatively thin in one
direction, i.e. the y-direction in the figure. When used in a com-
pliant mechanism, the sheet flexure is meant to deform relatively
easily by out-of-plane bending and torsion, i.e. the deformations
ε5,6 and ε2 for this beam element. It should provide support in
other directions as the stiffnesses for in-plane bending and elon-
gation are much higher, i.e. for the deformations ε3,4 and ε1.
Clearly, the definitions of the deformation modes match perfectly
with the deformations that are relevant to describe the behavior
of the sheet flexure. This is also true for a wire flexure, which
is thin in two directions. It will deform easily in torsion and all
bending directions (ε2–6), while only the stiffness for the elonga-
tion (ε1) is high.
Kinematic Analysis and the Degrees of Freedom
For the entire multibody system the assembly of finite ele-
ments is realized by defining a global vector x of all nodal coordi-
nates. The discrete deformation functions of the elements consti-
tuting the multibody system can then be described in terms of the
components of vector ε yielding the non-linear vector function
ε =D (x), (4)
which represents the basic equations for the kinematic analysis.
Kinematic constraints can be introduced by putting conditions on
the nodal coordinates, denoted with x(o) for support coordinates,
as well as by prescribing the deformations ε (o) to be zero for
rigid bodies. In this paper all kinematic constraints are assumed
to be holonomic.
An important notion in the kinematic and dynamic analysis
of mechanical systems is that of degrees of freedom (DOFs). The
number of kinematic degrees of freedom is the smallest num-
ber of coordinates ndof that describe, together with the fixed,
time-independent kinematic constraints, the configuration of the
multibody system in a continuous way. We call them indepen-
dent or generalized coordinates q which can be either absolute
generalized coordinates, denoted x(m), as well as relative gener-
alized coordinates, denoted ε (m), i.e.
q =
[
x(m)
ε (m)
]
. (5)
In accordance with the above specified constraints and the choice
of generalized coordinates, the vectors x and ε can now be parti-
tioned as
x =

x(o)x(c)
x(m)

 and ε =

ε (o)ε (m)
ε (c)

 , (6)
where the superscript o denotes invariant nodal coordinates or
deformations having a fixed prescribed value, the superscript c
denotes dependent nodal coordinates or deformations and the su-
perscript m denotes independent (or generalized) nodal coordi-
nates or deformations.
By differentiating Eq. (4) to time and using the chain rule, it
appears that the velocities x˙ and ε˙ must obey
ε˙ =D,x x˙, (7)
where the notation D,x indicates partial differentiation of the de-
formation functions with respect to the nodal coordinates x.
Equilibrium Equations
Forces f can be applied to the nodal points and are dual
to the velocities x˙. Generalized stress resultants represent the
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loading state of each element and are assembled in the vector σ
and are dual to ε˙ . The unknown stress resultants and reaction
forces are computed from the equilibrium equations [13]
D
T
,xσ = f . (8)
OVERCONSTRAINED AND UNDERCONSTRAINED
SYSTEMS
In the previous section it was assumed that the ndof inde-
pendent or generalized coordinates describe, together with the
constraints, the configuration of the system. This aspect will be
addressed in more detail next.
Kinematically Indeterminate or Underconstrained Sys-
tem
With the partitioning of Eq. (6) for x and ε , Eq. (7) for the
velocities can be written as

 ε˙
(o)
ε˙ (m)
ε˙ (c)

=

D
(o,o)
,x D
(o,c)
,x D
(o,m)
,x
D
(m,o)
,x D
(m,c)
,x D
(m,m)
,x
D
(c,o)
,x D
(c,c)
,x D
(c,m)
,x



 x˙
(o)
x˙(c)
x˙(m)

 , (9)
in which the derivative function D,x is split in components where
subsets of the deformation functions are differentiated with re-
spect to a part of the nodal coordinates. The indicated submatrix
D(c) =
[
D
(o,c)
,x
D
(m,c)
,x
]
(10)
is the Jacobian matrix associated with the dependent coordinates
x(c). It relates the velocities of the dependent coordinates x˙(c)
with the constrained deformations ε˙ (o) and velocities of the gen-
eralized coordinates ε˙ (m), x˙(m) as
D(c) x˙(c) =
[
ε˙ (o)
ε˙ (m)
]
−
[
D
(o,m)
,x
D
(m.m)
,x
]
x˙(m), (11)
where the term with x˙(o)=0 has been omitted. If the inverse of
the Jacobian matrix D(c) exists, the velocities x˙(c) can be com-
puted from the constraints ε˙ (o)=0 and the velocities of the gen-
eralized coordinates ε˙ (m), x˙(m). For the existence of this inverse
the Jacobian matrix must be square. This implies that the dimen-
sion of x(c) is equal to the sum of the dimensions of ε (o) and ε (m),
so
n
(c)
x = n
(o)
ε + n
(m)
ε , (12)
where n(c)x is the number of dependent coordinates x(c) and n(o)ε ,
n
(m)
ε are the number of constrained and independent deforma-
tion modes, respectively. The number of dependent coordinates
n
(c)
x is the total number of coordinates nx minus the numbers of
constrained coordinates n(o)x and independent generalized nodal
coordinates n(m)x :
n
(c)
x = nx− (n
(o)
x + n
(m)
x ). (13)
Then it follows that D(c) is square if the number of all kinematic
degrees of freedom ndof=n(m)x + n(m)ε satisfies
ndof = nx− (n
(o)
x + n
(o)
ε ), (14)
so the number of degrees of freedom equals the number of nodal
coordinates x minus the number of absolute and holonomic con-
straints, x(o) and ε (o). This is in agreement with e.g. Gru¨bler’s
mobility criterion for mechanisms [5].
Eq. (14) is a necessary condition for the existence of D(c)−1
as it results in a square matrix D(c). It is not a sufficient condi-
tion as D(c) must also be regular, or equivalently the matrix D(c)
should be full rank. For any square or rectangular matrix the rank
can be determined from its singular value decomposition which
for D(c) can be written as
D(c) =UΣV T , (15)
in which U is an orthogonal m×m matrix, V is an orthogonal
n× n matrix and matrix Σ is an m× n diagonal matrix with non-
negative real numbers on the main diagonal, denoting m the num-
ber of rows in D(c) and n the number of columns. The inverse of
D(c) exists if the matrix is square, i.e. m = n, and all singular
values are positive.
If some of the singular values are zero, or more generally,
if D(c) is not full column rank, it can be seen from Eq. (11) that
there is a non-zero solution for x˙(c) that satisfies the constraint
ε˙ (o)=0 while the velocities of the generalized coordinates ε˙ (m),
x˙(m) are also zero. That means the system is kinematically in-
determinate or underconstrained. Matrix D(c) is column rank
deficient if there are more columns than rows, i.e. n > m. In ad-
dition zero singular values increase the column rank deficiency.
By combining the singular value decomposition (15) with Eq. (9)
it can be seen that each column in V accompanying one of the
zero singular values and the columns that are in excess of the
rows in D(c) specify a vector of velocities x˙(c) which represents
the motion of a kinematically indeterminate mode.
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TABLE 1. System properties depending on the number of rows m, the number of columns n and the rank of matrix D(c).
m = n rank(D(c)) = m = n statically determinate kinematically determinate
rank(D(c))< m = n statically indeterminate kinematically indeterminate
m > n rank(D(c)) = n < m statically indeterminate kinematically determinate
rank(D(c))< n < m statically indeterminate kinematically indeterminate
m < n rank(D(c)) = m < n statically determinate kinematically indeterminate
rank(D(c))< m < n statically indeterminate kinematically indeterminate
Statically Indeterminate or Overconstrained System
For the solution of the equilibrium equations (8), the nodal
force vector f and the vector of generalized stress resultants σ
are also partitioned in accordance with Eq. (6) as
f =

 f
(o)
f (c)
f (m)

 and σ =

σ
(o)
σ (m)
σ (c)

 . (16)
With this partitioning Eq. (8) is written as:


D
(o,o)T
,x D
(m,o)T
,x D
(c,o)T
,x
D
(o,c)T
,x D
(m,c)T
,x D
(c,c)T
,x
D
(o,m)T
,x D
(m,m)T
,x D
(c,m)T
,x



σ
(o)
σ (m)
σ (c)

=

 f
(o)
f (c)
f (m)

 . (17)
The matrix in the left-hand side is the transpose of the derivative
function D,x in Eq. (9). Hence, the transpose D(c)T can also be
recognized as the indicated submatrix which gives an expression
for the generalized stress resultants σ (o) and σ (m) as
D(c)T
[
σ (o)
σ (m)
]
= f (c)−D (c,c)T,x σ (c). (18)
If the inverse of D(c) exists, then also the inverse of its trans-
pose D(c)T exists and the generalized stress resultants σ (o) and
σ (m) that are dual to the relative constraints ε (o) and indepen-
dent deformation mode coordinates ε (m) can be computed from
the nodal forces and the other generalized stress resultants in the
right-hand side of Eq. (18). In the case D(c)T is not full column
rank a non-zero solution of the generalized stress resultants σ (o)
and σ (m) exists for which the nodal forces f (c) and generalized
stress resultants σ (c) are zero. This indicates a statically indeter-
minate or overconstrained system.
Note that the column rank of D(c)T equals the row rank of
D(c). Matrix D(c) is row deficient if there are more rows than
columns, i.e. m > n, or there are zero singular values. From
Eq. (15) the singular value decomposition of D(c)T follows im-
mediately as
D(c)T =V ΣTU T . (19)
By combining this singular value decomposition with Eq. (17),
we recognize that each column in U accompanying one of the
zero singular values and the columns that are in excess of the
rows in D(c)T are a non-zero solution of the generalized stress
resultants σ (o) and σ (m) that represents a set of statically indeter-
minate stress resultants.
Kinematic Analysis and Visualization
Table 1 recapitulates that row or column rank deficiency of
matrix D(c) implies a statically or kinematically indeterminate
system, respectively. Moreover, with each excess row or column
and with each zero singular value there is a column in the matrix
U orV that describes the indeterminate mode. The kinematically
indeterminate modes are found in the right singular matrix V and
can directly be used to visualize a motion of the system, i.e. the
motion resulting from a non-zero velocity x˙(c).
The statically indeterminate modes are found in the left sin-
gular matrix U and give non-zero generalized stress resultants
σ (o), σ (m). As each generalized stress resultant is dual to a
specific beam deformation mode, a list of the non-zero general-
ized stress resultants gives a direct indication of the deformation
modes that are involved in an overconstrained mode. For a more
intuitive presentation of this result a three-dimensional visualiza-
tion is preferred.
Boer et al. [14] have shown how, according to Timoshenko’s
beam theory, the normal and shear stresses can be computed from
the generalized stress resultants. The normal stress σx in the
beam element is the sum of the normal stresses σFxx , σ
My
x and
σMzx , which are caused by the normal force and the bending mo-
ments around the local y- and z-axes, respectively. The shear
stresses τxy and τxz are computed from τ
Fy
xy , τMxxy , τ
Fz
xz and τMxxz ,
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σ
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1 σ
(1)
2
bending in xz-plane:
σ
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3 σ
(1)
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bending in xy-plane:
σ
(1)
5 σ
(1)
6
FIGURE 2. All six overconstrained modes in a beam clamped at both
ends. The von Mises stress distribution σeq computed for each statically
indeterminate stress resultant is shown (blue is zero, red is maximum
stress).
that are shear stresses caused by shear forces (Fy, Fz) and torsion
(Mx). These stresses can be combined into an equivalent stress
like the von Mises stress
σeq =
√
σ2x + 3τ2xy + 3τ2xz. (20)
This analysis is well suited to visualize the statically indetermi-
nate stress distribution that results from the singular value de-
composition. It can be illustrated by considering a single rigid
beam clamped at both ends. In this beam all positions and rota-
tions are fixed twice, so there are six overconstraints, i.e. all six
generalized stress resultants σ (1)k (k = 1, ...,6). A singular value
decomposition confirms this. Six columns of the left singular
matrix U represent the sets of the statically indeterminate stress
resultants for each overconstrained mode. It appears that each
of these six overconstrained modes can be associated with one
of the beam’s generalized stress resultants σ (1)k . Figure 2 shows
the distribution of the von Mises stress σeq computed for each of
the constrained modes. Each mode is labeled with the non-zero
elongation: torsion:
σ
(1)
1 — σ
Fx
x σ
(1)
2 — τ
Mx
bending in xz-plane:
σ
(1)
3 — σ
Mz
x σ
(1)
4 — σ
Mz
x
bending in xy-plane:
σ
(1)
5 — σ
My
x σ
(1)
6 — σ
My
x
FIGURE 3. All six overconstrained modes in a beam clamped at both
ends. For each statically indeterminate stress resultant a dominant con-
tribution to the stress distribution is shown (blue and red indicate oppo-
site signs, green is zero stress).
generalized stress resultant of that mode. And as the generalized
stress resultants are dual to the beam deformation modes, each
mode can also be associated with a deformation mode. Note that
the exact value of the stress resultants does not have a physical
meaning as the vector with the stress resultants can be multiplied
with any positive or negative constant to obtain another set of
stress resultants representing a statically indeterminate mode.
Obviously, non-zero von Mises stress distributions are found
for all overconstrained modes. According to Eq. (20) the von
Mises stress combines several contributions to the normal and
shear stresses. In general, a constrained mode may be related
to a combination of generalized stress resultants. Then it may
not be straightforward to recognize the deformation modes that
contribute to a constrained mode from the von Mises stress distri-
bution. It appears that for each overconstrained mode in figure 2
only one or two of contributions to the normal and shear stresses
are non-zero. Figure 3 shows these contributions. For the gener-
alized stress resultants that are dual to the bending modes also τFyxy
or τFzxz are non-zero, but are not shown in the figure. From figure 3
it can be concluded that by considering the three contributions to
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Fixed
supports
Moving rigid body
Fixed
supports
Moving rigid body
(a) five wire flexures (b) five folded sheet flexures
FIGURE 4. Two concepts for a one degree-of-freedom (1-DOF)
straight guiding mechanism (reprinted from [2]). In (a) the solid arrow
indicates the free movement. In (b) the cylinder represents the vertically
moving part. The supports are at the holes. The dashed arrows indicate
directions of constrained movements.
the normal stress σx and the shear stress caused by torsion τMx ,
a clear distinction can be made regarding the deformation mode
contributing to a constrained mode.
DESIGN OF A SPATIAL COMPLIANT STRAIGHT GUID-
ANCE MECHANISM
Next it will be shown how the proposed analysis can be ap-
plied for the exact constraint design of a compliant mechanism.
A system is exactly constrained if it is both kinematically and
statically determinate. According to Table 1 this implies that
D(c) is square (m= n) and non-singular. This kinematic design is
detailed in this section. As an example a straight guidance mech-
anism is considered in which some rigid part should move in
one translational direction while all other motions must be sup-
pressed.
Straight Guidance Mechanism
A typical approach for the design of the straight guidance
mechanism is to assemble it from parts that confine one or more
degrees of freedom each. To achieve an exact constraint design,
no degree of freedom should be confined more than once and the
desired translational motion of the system should not be con-
strained. In the concept of Figure 4(a) five wire flexures are
applied. The longitudinal stiffness of the wire flexure is rel-
atively high, while the stiffnesses for bending and torsion are
rather small. So each wire flexure restricts only one degree of
freedom being the translation along its longitudinal axis. The
straight guidance can be achieved with any combination of five
wire flexures that are perpendicular to the direction of the in-
tended motion and that do not confine some degree of freedom
more than once.
A folded sheet flexure also restricts one translational degree
of freedom as will be detailed in the next subsection. So five
folded sheet flexures can also be used for the straight guidance
as shown in Figure 4(b).
Kinematic Analysis of Wire Flexures
For the kinematic analysis of a system, the compliant parts
are modeled such that the elastic deformations with low stiff-
ness are allowed to vary, whereas the other deformations are
suppressed. In the system with five wire flexures, Figure 4(a),
each of the wire flexure supports is modeled with one beam el-
ement. One end of the beam is fully supported, which means
that all translational and rotational coordinates are fixed (x(o)).
The wire flexure allows bending in either direction as well as
torsion around its longitudinal axis. The relatively large longitu-
dinal stiffness disallows elongation ε1 of the element. So there
is one constrained deformation (ε(o)) in each element and the
other five deformations are defined to be dependent (ε (c)). For
the coordinates at the free end of the wire flexure one constraint
equation must be satisfied leaving five independent coordinates.
In the system of Figure 4(a) there are five wire flexures that
are combined to define the motion of one rigid part. As each wire
flexure adds one constraint for the translational and rotational co-
ordinates of the motion of its free end, the combination of all five
wire flexures leaves one degree of freedom if the constraints are
independent. Matrix D(c) must be square as can be verified eas-
ily. The number of rows equals the number of constrained and
independent deformations. In each wire flexure the elongation is
fixed, so there are five rows. The number of columns equals the
number of dependent coordinates. These coordinates are trans-
lational and rotational coordinates of the rigid body. If the in-
tended translation is defined as the independent coordinate x(m),
then five dependent coordinates remain and D(c) is indeed square.
Note that in a realistic model of the straight guiding mechanism
more nodes will be added, e.g. to define a node with the center
of mass. Such nodes are rigidly connected to existing nodes and
add an equal number of rows and columns to D(c) which then
remains square.
A drawback of the design in Figure 4(a) is its asymmetry.
Figure 5(a) shows a more symmetric design with six wire flex-
ures. It offers advantages, e.g. to reduce position errors of the
moving rigid part due to temperature changes. However, this
concept is overconstrained as the extra wire flexure adds one con-
straint. The singular values of the D(c) matrix of this system are
all non-zero, but the matrix has one excess row so there is one
overconstrained mode.
Figure 5 shows the statically indeterminate normal stress
distribution for this overconstrained mode. According to fig-
ure 5(a) non-zero equivalent von Mises stresses, Eq. (20), are
found in all parts of the mechanism. Considering the non-zero
contributions to the stress distributions reveals more insight into
the possibilities to avoid the overconstraint. Figure 5(b) shows
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(a) Von Mises stresses σeq. (b) Normal stress component σFxx . (c) Shear stress component τMx .
(blue is zero, red is maximum stress) (blue and red indicate opposite signs, green is zero stress)
FIGURE 5. Statically indeterminate normal stress distribution in the overconstrained straight guiding mechanism with six wire flexures. The central
bar with the square cross-section represents the vertically moving part. All ends of the wire flexures are clamped.
the normal stress component σFxx which is non-zero in all wire
flexures and has opposite sign on either side of the moving bar.
From figure 3 it is clear that this stress component is due to an
overconstraint elongation which is obvious for a wire flexure as
this is the only constrained deformation. So figure 5(b) indi-
cates the trivial solution that the overconstrained condition can
be avoided by removing one wire flexure, so returning to the
original concept of figure 4(a).
In figure 5(c) the shear stress component τMx due to a torsion
moment is shown. It is non-zero in the moving bar and accord-
ing to figure 3 it is related to an overconstrained torsional defor-
mation. This reveals another way to avoid the overconstrained
condition, namely by allowing torsion in the moving bar.
Kinematic Analysis of Folded Sheet Flexures
Modeling the system with the folded sheet flexures, Fig-
ure 4(b), is somewhat more complicated. A support with a folded
sheet flexure as shown in Figure 6(a) consists of two sheet flex-
ures in series. As was already mentioned previously, out-of-
plane bending and torsion are allowed for each sheet flexure
while the stiffnesses for bending in the plane of the sheet and
elongation are high. For the kinematic analysis one beam ele-
ment is used for each sheet in the flexure. Taking the local z-axis
of the beam element in the plane of the sheet as illustrated in
Figure 1, the constrained deformations are the elongation ε1 and
the bending deformations ε3,4 in the in-plane z-direction. The
torsion ε2 and bending deformations ε5,6 in the out-of-plane y-
direction are the other three deformations that are allowed to
vary. Combining two sheets in series, there are six deforma-
tions in the folded sheet flexure that are not suppressed. It is
not correct to define all these deformations to be dependent de-
formations as that would suggest that there are no constraints for
the six coordinates of the free end. As shown in Figure 6(a) the
folded sheet flexure imposes one constraint being a translation at
the intersection of the sheets. There is also an internal vibration
mode, which is a rotation around the axis of this intersection.
Figure 6(b) illustrates this internal mode as it appears in a folded
sheet flexure with both ends fixed.
The constrained and internal modes of the folded sheet flex-
ure can be accounted for by taking one of the bending deforma-
tions as an independent deformation, thus leaving five dependent
deformations. In this way for the coordinates at the free end of
the folded sheet flexure one constraint equation has to be satis-
fied leaving five independent coordinates similar as for a single
wire flexure. In addition, each folded sheet flexure exhibits one
internal independent deformation mode.
Combining five folded sheet flexures as in the system of Fig-
ure 4(b) leaves one independent coordinate for the cylindrical
Constrained translation
Internal mode
Support
(a) single folded sheet
flexure support
(b) internal vibration mode
with both ends fixed
(side view)
FIGURE 6. Constrained translation and internal mode of a single
folded sheet flexure.
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(a) Von Mises stresses σeq. (b) Normal stress component σMzx . (c) Shear stress component τMx .
(blue is zero, red is maximum stress) (blue and red indicate opposite signs, green is zero stress)
FIGURE 7. Statically indeterminate normal stress distribution in the overconstrained straight guiding mechanism with six folded sheet flexures. The
fixed supports are at the six unconnected ends of the folded sheet flexures.
rigid body to which all flexures are attached, if the five con-
straints are independent. Also in this case matrix D(c) must be
square. In each folded sheet flexure there are six constrained
deformations and one independent deformation, so there are 35
rows in total. Counting the dependent coordinates, we observe
that in each flexure the six coordinates of translation and rotation
of the connection between the sheets are dependent. Further-
more, the rigid connection of all flexures has one independent
coordinate, leaving five dependent coordinates. So D(c) has 35
columns and is indeed square. It can be verified numerically that
D(c) is non-singular for the configuration shown in Figure 4(b).
The actual size of matrix D(c) may be larger if there are more
nodal points used to model the translating rigid part. As this part
is rigid there is also a constrained deformation for every extra
nodal coordinate, so D(c) remains square.
A drawback of the design in Figure 4(b) is its asymmetry.
For similar reasons as discussed for the concept with wire flex-
ures, a more symmetric design can offer advantages. Further-
more, two folded flexures on one side offer a lower support stiff-
ness compared with three folded flexures on the other side. With
six folded sheet flexures the symmetric design of Figure 7 is re-
alized. As the extra flexure adds an extra constraint, this design
is overconstrained and non-zero von Mises stresses are found in
all parts of the mechanism. One of the non-zero contributions are
the normal stresses σMzx due to a bending moment shown in fig-
ure 7(b). As in figure 3 they indicate an in-plane bending stress
in all sheet flexures which can be avoided by allowing a bending
motion in one of the sheets or its support.
Also the shear stress component τMx due to a torsion mo-
ment is non-zero in the translating bar as illustrated in figure 7(c).
This is similar to the result obtained in figure 5(c), so the over-
constrained condition can be avoided by allowing torsion in the
moving bar, analogously as for the concept with wire flexures.
Of course for either concept it is the decision of the designer
to accept the existence of an overconstrained mode or to avoid
it. The presented analysis offers the insight in the nature of the
overconstrained mode and a possible approach to avoid it.
CONCLUSIONS
This paper has demonstrated that a finite element based
multibody dynamics methodology can be used effectively to an-
alyze the constraints and degrees of freedom in compliant mech-
anisms. In the kinematic analysis all deformations associated
with a high support stiffness are taken to be invariant. Based on
a clear notion of the system’s relative and absolute constraints
as well as the degrees of freedom, the Jacobian matrix associ-
ated with the dependent coordinates D(c) is established. Rank
deficiency of this matrix is detected using a singular value de-
composition. Row rank deficiency of the Jacobian matrix D(c)
indicates an overconstrained system. In this case one or more
statically indeterminate stress distributions are derived from gen-
eralized stress resultants in the left singular matrix and are used
to visualize the overconstraints. In particular the contributions
to the normal and shear stresses show very clearly the deforma-
tion modes that are relevant for an overconstrained mode. In
this way the presented analysis and visualization not only detect
overconstrained conditions, but also offer insight in the nature
of the overconstrained modes as is exemplified with concepts of
straight guiding mechanisms.
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